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1. Introduction

Noncommutative spaces in physics

e A charged particle in a strong constant magnetic field (B5,)
L~ B (z(t)y(t) —yt)z(t)) = [|z(t), y(t)] ~ ih/B.

e String theories

Low energy effective theories on D-branes in a constant
background NS — NS B field.

B, ~ noncommutative parameter

e Matrix models
noncommutative coordinates:

A

[z, 2] #0 = N x N matrices X,



Properties of field theories on N.C. spaces

e UV/IR mixing and nonlocality

> Low energy (IR) scales appear in high energy (UV)
phenomena (e.g. UV divergences).

Ex. ¢* theory on N.C. R*

one-loop self-energy:

cg

7@ () — 2 1 A2
B =P+ M+ 1)

2_|_

> Open Wilson lines become observables in N.C. Yang-Mills
theories.

W[Ol% k’] — /d4$1Tr {Pei f012 A} x otk T2

*

Length of the open Wilson line ~ energy scale
zt—2? ~ k6



e N.C. soliton and Instanton
Nonperturbative effects characteristic in N.C. field theories

Ex. N.C. solitons in a scalar field theory on R*

1
L= -0,00"0+ V()
20
In the large 6 limit, the equation of motion becomes
V(o)
0

Nontrivial solutions (N.C. solitons) can be constructed based on
the projection operator,

¢ ~ AP, (P* P =P, \:constant)

More models of tractable field theories on N.C. spaces are needed
to investigate further these properties.



Construction of N.C. space

e Moyal product on R

e Fuzzy spaces from matrix models
Ex. Fuzzy S?

[Xi, XJ] = ieiijk,
X; (i=1,2,3): (2L +1) x (2L 4 1)matrices
fields on N.C. space:
() = (2L+1)x (2L + 1) matrix ¢(X)
action: S[X] = Tr L(¢)

e Geometric quantization
A generalization of the canonical quantization



Deformation Quantization (weak sense)

Deformation Quantization is defined as follows. F is defined as a
set of formal power series of h:

Fe={f] =23 flt}.

A star product is defined as

fxg=>Y Ci(f g)h*
s.t. the product satisfies the following conditions.

1. % is associative product.

2. C} is a bidifferential operator.

3. CO(fag) — fga Cl<f7g) o Cl(gaf) — Z{fag}
4 fxl=1xF.



2. Star product with separation of variables

Kahler manifold with a Kahler potential ® and a Kahler 2-form w
W = iggdZi A dZ 9:5 = 0;0;9,

where 0; = /02", 0; = 0/027.

x Is called a star product with separation of variables when

axf=af
for holomorphic function a and
fxb=fb

for anti-holomorphic function b.



e A.V. Karabegov showed that for arbitrary w, there exists a star
product with separation of variables x.
A. V. Karabegov, Commun. Math. Phys. 180, 745 (1996)

In this method for making deformation quantization, a star product
Is constructed as a formal series of differential operators.

star product differential operator
fxg = Ly g : left x multiplication by f
gx*f = Ry g : right x multiplication by f

Ly (Ry) is a differential operator corresponding to a left (right)

multiplication by f: -

L= h"A,,

—0
where "

Ap = ap,a(f) H (Dg) N ) (D' = ggjaj)-

)



D'’s satisfy the following relations:

{DZ Dﬂ — 0,

It is required that L satisfies

D, 0;0| = o



Ly which has these properties is determined by the following
conditions,

Ly, 0;9 4 ho;] =0,
and A() — f

Note:
Because of Rs.¢ = 0;® + hd;, this condition is equivalent to

Ly, Row) g=f (g% 0:®) — (f *g) * %® = 0.

This condition is equivalent to the recursion relations,
[An7 (‘9;(1)] — [(7;, An—l]a

at each order of h.
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If one obtains the operator L,
LZig — Zi * g,
L coorrsponding to an arbitrary function f is given by

Lf:Z$ (%)af(Lz—z)o‘.

(8%

where « is a multi-index, a = (aq, - , Qm).

It is not easy to derive explicit expressions of star products in all
order of i by solving the recursion relations.

11



3. N.C. deformation of CPY

Inhomogeneous coordinates 2* (i =1,2,--- ,N)

Kahler potential of CP™

©=1In(1+z*), (zP=) 2%

()

Metric (g;;) : ds” = 2g;;dz"dZ’,
(1 + |2[*)di; — 272"
(1+]z]%)2

gi; = 0;0;P =
The following relations simplify our calculations for L¢ in the case
of CPV,
0,05, 0, = (—1)" " (1 — 1)1 9, 20,8+ 0; @

Riemann tensor: R;5ir = —9:59k7 — 9i19k;-
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Construction of L;  (Luf =zt * f)

La=7+hD'+) KA,

n=2
where A, (n > 2) is a formal series of DF.

e \We assume that A,, has the following form,

n j Jm—1 10
Ap=) alo5,®---8; ®D"...DIm-1Dl

IJm—1
m=2

From |L.i, 0;® + ho;] = 0, A, are recursively determined by
[ATM 85(1)] — [857 A’n—l] y (n > 2)

where A; = D!.
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e After some calculations, we found the following recursion
relation

a) = apm "y + (m — Lafy ™Y,

and agn) = agn’_l) == ag) = 1.

e To solve these equations, we introduce a generating function
©.@
am(t)= ) thall,  (m>2).
n=m

From the recursion relation, a,,(t) is determined as

m—1 1
1 I'(l—m+ )
(1) = ™ — L2 > 2).
The coefficient agf) is related to the Stirling number of the
second kind S(n, k),

a\™ = S(n—1,m—1).

m
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e Summarizing the above calculations, L.; becomes

L=72+ KD + Z ik Z ags)@jlq) . 33m_1q)D31 .. DIm—pl
n=2 m=2

IJm—1

=7+ a,(h)o;®---8; @D Din1DL
m=1

Similarly, the operator R_; corresponding to the right x
multiplication of z* is obtained.

e Star products among z* and Z¢,

2t 2) = 2, 27 =27, Zx7 =27,
k) =220 + hoi; (1 + ‘2‘2)2F1 (1> 1;1—1/h; _’Z‘Z)
o
+ 227 (1 + |2%)2F1 (1,2;2 — 1/h; —|2]7) .

1—h

15



e L for an arbitrary function f

MzZé(%)af(Lz—z)a

«

We can derive an explicit formula for L,

- Oén(h) ' n k kn

n=0

It is shown that L satisfies [L ¢, 0;® + hd;] = 0.

This star product on CP¥ is characterized by a single function
of h, ay(h).

16



e Leibniz rule for differentials

O(f xg) # (Of) * g+ f = (0g).

The Killing vectors corresponding to the SU(N + 1) isometry
of CPVN

In general,

Ea:£28i+§2a{, (a:1727"'7(n—|—1)2_1)7
Lo, Lp] = ifapele, (fave : structure constant of SU(N + 1))

The Leibniz rule holds with respective to the Killing vectors,
Lo(f*g)=(Laf)*xg+ [*(Lag).

This property is important to construct actions of field theories
on the N.C. CP¥ which is invariant under the isometry.

17



Comparison with other N.C. deformations for CPY

1. Bordemann, Brischle, Emmrich and Waldmann gave a star
product on CP¥ by performing the phase space reduction from

CNTI\{0}.

m m. S Lm— 1 m k o s
f*Bg—fg+Zh ZZS,S_ T _1)!(|<|)
s=1 k=1

0° f 0°g

8CA1 : ..§A56CA1 : ..CAS’

where ¢4i, (4 are the homogeneous coordinates of CP.

We showed that this star product xg coincides with the one we

obtained,
f*Bg=1=*g.
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2. Balachandran, Dolan, Lee, Martin and O'Connor derived an
star product on a fuzzy CPY by using matrix representations of

SU(N + 1).

Their star product also coincides with the one we derived, if one
considers the specific case

e h=1/L (L € N : matrix size)
e star product in a function space spanned by

S imzdl . . . 3in
CEAFRL R

Note: L can be rewritten by the use of the covariant derivatives on CP¥

as o0
L, — Ozn(ﬁ) Jik1 ... dnkn V-
f= Z g 9 ( j

n!

1...v5nf)vk1...vkn.

n=0

As far as we know, the origin of this coincidence of the star
products obtained by these different methods is not apparent at
this time.
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4. Fock representation

{z",0;® | 4,j =1,2,--- ,N} and {z",0;® | i,j = 1,2,--- ,N}
constitute 2V sets of the creation-annihilation operators under the
star product,

4 % 4k

Z', 0;®] = héyy;, z', 7] =0, 50, 9;9] =0.

4k 4k

8Z(I), Zj_ — héij, ZZ, Zj_ — O, [&JCI), 8](13]* — O,

Annihilation operators: 0;®, z7
Creation operators: 2t 0;P

/N _

. (1 + |2]?)~/" is the vacuum projection:

0;® x e~ 2/ = zj*e_q)/h:(), e_q)/h*zi:e_(b/h*(?ﬂ):(),

o= P/h g o—O/h _ —D/h

20



e A class of functions is constructed by acting the creation-
annihilation operators on the vacuum projection:

—®/h

. . . S p— 11 .. im ~4 e =Jn
M iyigiejn = CmnZ % x 2" ke k271 % * Z

= Cp 222 (1 )V

where we choose ¢, = 1/+/m!nlag, (h)a, (k).

e These functions form a closed algebra:

B kiknag
My imigiegn * Mooty 16= One0g) g Mty
ki kn _ k o : . .
0l i = o [5111 -+ 0;" + permutations of (jy,- - ,]n)} :

e Projection operators
P ., = M;, ..

P’Ll...zm * le...jn - 5mn5j1"'jnp7’1...7’n

"tn;tl ln
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) m—+ 1
Z ok Mi1""im;j1“°jn = \/_m T 1/thi1---im;j1-“jn7

8,;(1) S M’bl"'im;jlm' = h\/ m + 1 (—m + 1/h)Mki1---im'j1---jn7
m+ 14 1/h
8k(I) * Mil"'im;jl“' — h\/ Z 5kzl @1"'7fl""4mu71 in?
=k
Z X Mz i1 dn ,L ceeggeend
1 J1:°] \/ ( m—l—]_—l—]_/hlz 1 l ma]l ]n
Mq; N TRy IO Zk -/ ) Okq VL, - s T
1 3J1°°] \/( ’]’L—'-]_—l—]_/hz; ’Ll Zma]l ]l ]n
n+14+1/hg
Mil”"im;jl"']n * 8kq) h\/ o Z 5kl7l i1 Zm,Jl"']l"'Jn

=1
Mi1"'im;j1°"jn * 8k<I> = h\/(n + 1 —n + 1/h) 11 tm; 1 Ink

K n+1
Mil"'im;jl“'jn X 2 = \/_n n 1/hMi1"°im;j1'“jnk'
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5. Explicit formulas for a star product on CH"

e Similarly, explicit expressions of star products on complex

hyperbolic spaces CH" are derived by using the deformation
quantization with separation of variables.

CH?": noncompact Kahler manifold

Kahler potential: & = —log(1 — |Z!2)
(1 — |2[*)di; + 2'27

1= 2]) dz'dz’

metric: ds® = 2

e star product:

— Bn h ' ' k k
frg=)_ ,,f' )gjlfcl Gk, (D71 DI f) (Dkl ' "D’“”g) ,
n=0 .

_1\yn—1
where 8,(h) = —an(—h) = SR
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e Fock representation:

The following functions form a closed algebra:

. . . L — ! il,,, im—jl,,,—jn
Nijipiitein = Crn? 2'mz ZIn(1 —
— kl kn
Ni1“°im;j1 in ¥ Nkrl Kepsly - 5m°5 J\fz

2,

cimlye

g
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6. Summary and discussion

e \We obtained explicit expressions of star products on CCEN by
using the deformation quantization with separation of variables.

= a,(h : : - -
Fra= 30y gy, (D7 D) DB D

n=0

e Fock representation
The following functions form a closed algebra under the star
product,

S ... ytmFIL ... FIn
Mir--im;jr“jm ~ (1—|—‘Z|2)1/h

o ki---kn
Mi1"°’im;j1“'jn * Mkl“‘kr§l1“‘ls = 5”"°6j1---jn Mil

il el
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e Similarly, explicit expressions of star products on CH?" are
derived by using the deformation quantization with separation
of variables.

> Star products on other Kahler manifolds

Ex. a locally symmetric Kahler manifold: VR, ,," =0

Assumption:
Lg= Z Tgl..jn,kl.--kn (Vil e anf) (vkl - ang), (VT =0)
n=0

Condition: [Ls,0;® + ho5| =0

G1eGniky ok _ pqdtdn—1k1 ka1 g
{nTn " "G — W4 03

nt

n(n B ]‘)le"'jnakl"'kn—quR_ kpn_1
9 n ipq

X (v31 T vinf) (vkl T an—lg) = 0.

—h
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> Construction of field theories on N.C. CP¥ (or CH¥)

Ex. scalar field:
¢ = § Dy i in My i

1
Lagrangian density: §£agb£a¢ + V¢

N.C. soliton in the large noncommutativity limit 7

projection operators: P ..., = M;, i iqiein,
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