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MacDowell–Mansouri construction

Action:

S =

∫
BIJ ∧ FIJ −

β

2
BIJ ∧BIJ −

α

4
εIJKLB

IJ ∧BKL (1)

The algebra has a form:

[Pa,Pb] = −iη44Mab , [Mab,Pc] = −i(ηacPb − ηbcPa) , (2)

[Mab,Mcd] = −i(ηacMbd + ηbdMac − ηadMbc − ηbcMad). (3)

The gauged reductive Cartan’s connection can be written as:

AIJµ =
1

2
ωabµMab +

1

`
eaµPa (4)

[ L. Freidel, A. Starodubtsev, D. Wise ]
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The BF reformulation of the
MacDowell–Mansouri theory

It is possible to reformulate MacDowell–Mansouri action in the
BF theory framework.

S =

∫
BIJ ∧ FIJ −

β

2
BIJ ∧BIJ −

α

4
εIJKLB

IJ ∧BKL (5)

Note that one can choose α 6= β (The choice α = β will lead to
a self dual formulation of gravity).
The physical meaning of constants is:

1

l2
=

Λ

3
α =

GΛ

3(1− γ2)
β =

GΛγ

3(1− γ2)
(6)

GΛ ∼ 10−120 (7)

[ L. Freidel, A. Starodubtsev ]
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MacDowell–Mansouri construction

S = SH+Λ+

∫ ( α

4(α2 − β2)
Rij ∧Rklεijkl−

β

2(α2 − β2)
Rij ∧Rij+

1

β
C
)

(8)
Additions to the action are the Euler, Pontryagin and Nieh-Yan
classes.

SH+Λ = − 1

G
εabcd(R

ab ∧ ec ∧ ed − Λ

3
ea ∧ eb ∧ ec ∧ ed) (9)

− 2

Gγ
Rab ∧ ea ∧ eb (10)

Michal Szczachor 4/21



Supersymmetry N = 1

The action is presented as:

S =

∫
tr(B ∧ F− β

2
B ∧ B− α

2
B ∧ γ5B) (11)

where B = (B,B). The gauge algebra is OSp(4|1).

[Mab, Qα] = − i
2

(γabQ)α,

[Pa, Qα] = − i
2
γa (Qα),

{Qα, Qβ} = − i
2

(γab)αβMab + i(γa)αβ Pa,

Michal Szczachor 5/21



Supersymmetry N = 1

The action is presented as:

S =

∫
tr(B ∧ F− β

2
B ∧ B− α

2
B ∧ γ5B) (12)

where B = (B,B). The gauge algebra is OSp(4|1).
The connection is constructed as:

Aµ =
1

2
ωµ

ijMij +
1

l
eµ

iPi + κψ̄µQ (13)

The curvature has a bosonic and fermionic part:

Fµν =
1

2
F (s)
µν

IJMIJ + F̄µνQ . (14)

[ R. Durka, J. Kowalski-Glikman, M.Sz. ]
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Supersymmetry N = 1

Final Lagrangian contains of SUGRA part with Cosmological
Constants (Λ) and the supersymmetric Holst term.

L =
1

G
εµνρσεijkl

(
Rµν

ij eρ
k eσ

l − Λ

3
eµ
i eν

j eρ
k eσ

l

)
(15)

− εµνρσ
(

1

2
ψ̄µ γ5 γi e

i
νD

ω
ρψσ −

i

4`
ψ̄µ γ5 γij e

i
νe
j
ρ ψσ

)
(16)

+ εµνρσ
(

2

γG
Rµν

ij eρi eσj −
i

4γ
ψ̄µ γi ψν D

ω
ρ eσ

i

)
. (17)
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AdS(dS)-Maxwell gravity
The algebra of the so(3, 2)⊕ so(3, 1):

[Pa,Pb] = −iη44Mab + ikZab = i(λ2Mab − nZab) , (18)

[Mab,Mcd] = −i(ηacMbd + ηbdMac − ηadMbc − ηbcMad). (19)

[Mab,Zcd] = −i(ηacZbd + ηbdZac − ηadZbc − ηbcZad), (20)

[Zab,Zcd] = −in−1(ηacZbd + ηbdZac − ηadZbc − ηbcZad), (21)

[Mab,Pc] = −i(ηacPb − ηbcPa), [Zab,Pc] = 0 . (22)

Change of cosmological const. λ2

AdS λ2→−λ2−−−−−→dS (23)

so(3, 2)⊕ so(3, 1)
λ2→−λ2−−−−−→ so(4, 1)⊕ so(3, 1) (24)

[ R. Durka, J. Kowalski-Glikman, M.Sz. ]
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AdS(dS)-Maxwell gravity
If one use isomorphism Z ←M−Z then algebra become1:

[Pa,Pb] = nZab , (25)

[Mab,Mcd] = −i(ηacMbd + ηbdMac − ηadMbc − ηbcMad). (26)

[Mab,Zcd] = −i(ηacZbd + ηbdZac − ηadZbc − ηbcZad), (27)

[Zab,Zcd] = −in−1λ2(ηacZbd + ηbdZac − ηadZbc − ηbcZad), (28)

[Mab,Pc] = −i(ηacPb−ηbcPa), [Zab,Pc] = −in−1λ2(ηacPb−ηbcPa) .
(29)

[ D. Soroka, V. Soroka ]
Change of cosmological const. λ2

AdS λ2→−λ2−−−−−→dS (30)

1[ R. Durka, J. Kowalski-Glikman, M.Sz. ]
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AdS-Maxwell gravity

Let me take a Wigner–Inonu contraction in the form

Z → λ2Z P → λP (31)

then algebra becomes

[Pa,Pb] = iZab [Zab,Zcd] = 0, , (32)

[Mab,Mcd] = −i(ηacMbd + ηbdMac − ηadMbc − ηbcMad), (33)

[Mab,Zcd] = −i(ηacZbd + ηbdZac − ηadZbc − ηbcZad), (34)

[Mab,Pc] = −i(ηacPb − ηbcPa), [Zab,Pc] = 0 . (35)

a Maxwell algebra.
[ R. Durka, J. Kowalski-Glikman, M.Sz. ]
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AdS-Maxwell gravity
The connection

Aµ =
1

2
ωµ

abMab +
1

`
eaµPa +

1

2
habµ Zab (36)

corresponds to curvature

Fµν =
1

2
F abµνMab +

1

`
T aµν Pa +

1

2
Gabµν Zab . (37)

The art of the Action

16π S(A,B) =

∫
2(Ba4 ∧ Fa4 −

β

2
Ba4 ∧Ba4)

+Bab ∧ Fab −
β

2
Bab ∧Bab −

α

4
εabcdBab ∧Bcd

+Cab ∧Gab −
ρ

2
Cab ∧ Cab −

σ

4
εabcdCab ∧ Ccd

−βCab ∧Bab −
α

2
εabcdCab ∧Bcd (38)
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AdS-Maxwell gravity
The art of the Action

16π S(A,B) =

∫
2(Ba4 ∧ Fa4 −

β

2
Ba4 ∧Ba4)

+Bab ∧ Fab −
β

2
Bab ∧Bab −

α

4
εabcdBab ∧Bcd

+Cab ∧Gab −
ρ

2
Cab ∧ Cab −

σ

4
εabcdCab ∧ Ccd

−βCab ∧Bab −
α

2
εabcdCab ∧Bcd (39)

becomes the gravity plus generalized topological term:

16πS(ω, h, e) =

∫ (
1

4
MabcdFab ∧ Fcd −

1

β`2
T a ∧ Ta

)
(40)

+

∫
1

4
Nabcd(Gab + Fab) ∧ (Gab + Fab)

[ R. Durka, J. Kowalski-Glikman, M.Sz. ]
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AdS-self-Yang-Mills theory
Let consider base transformation M̃ ←M−Z, which
corespont to field transformation $ ← ω + h, then the
connection become

Aµ =
1

2
ωµ

abM̃ab +
1

`
eaµPa −

1

2
$ab
µ Zab . (41)

Algebra is separated clearly(
so(3, 2) ≡ AdS[M,P]

)
⊕
(
A[M,Z] ≡ so(3, 1)

)
(42)

Now one can see that

so(3, 2)⊕ so(3, 1) ' so(3, 2)⊕ (su(2)+ × su(2)−) (43)

F̃ [$] = F [ω] +G[h] and F̃− = 0 (44)

[ A. Borowiec, M.Sz ]
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AdS–(self-dual)–Yang–Mills theory

S = SE + S1 + S2

=
1

64πG

∫
εabcd

(
Rµν

abecρe
d
σ −

Λ

3
eaµe

b
νe
c
ρe
d
σ

)
εµνρσ

− 1

4

∫
e
(
%1 F̃µν

abF̃µνab + %2 F̃µν
abF̃µνcd εabcd

)
. (45)

The field equations resulting from this action are Einstein eq.

Rµν −
1

2
gµν R+ Λ gµν = 8πGTµν (46)

Tµν = %1

(
F̃µλ

abF̃ν
λ
ab −

1

4
gµν F̃λσ

abF̃ λσab

)
+ %2

(
F̃µλ

abF̃ν
λcd − 1

4
gµν F̃λσ

abF̃ λσcd
)
εabcd (47)

[ R. Durka, J. Kowalski-Glikman, A. Borowiec, M.Sz ]
Michal Szczachor 14/21



Super-AdS-Maxwell gravity

The super algbera has a form

[Mab, Qα] = − i
2

(γabQ)α , [Mab,Σα] = − i
2

(γab Σ)α ,

[Pa, Qα] = − i
2
γa (Qα − Σα) , [Pa,Σα] = 0,

{Qα, Qβ} = − i
2

(γab)αβMab + i(γa)αβ Pa ,

{Qα,Σβ} = − i
2

(γab)αβ Zab , {Σα,Σβ} = − i
2

(γab)αβ Zab

[Zab, Qα] = − i
2

(γab Σ)α , [Zab,Σα] = − i
2

(γab Σ)α .

[ R. Durka, J. Kowalski-Glikman, M.Sz. ]
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Super-AdS-Maxwell gravity
The gauge field is

Aµ =
1

2
ωabµMab +

1

`
eaµPa +

1

2
habµ Zab + κψ̄αµQα + κ̃χ̄αµΣα (48)

and the most general “rotation” invariant action is

64πL =

(
BIJ
µνF

(s)
ρσ IJ −

β

2
BIJ
µνBρσ IJ −

α

4
εabcdB

ab
µνB

cd
ρσ

)
εµνρσ

+
(
CabµνG

(s)
ρσ ab −

ρ

2
CabµνCρσ ab −

σ

4
εabcdC

ab
µνC

cd
ρσ

)
εµνρσ

+
(
β CabµνBρσ ab +

α

2
εabcdC

ab
µνB

cd
ρσ

)
εµνρσ

+4

(
B̄µνFρσ −

β

2
B̄µνBρσ −

α

2
B̄µνγ5Bρσ

)
εµνρσ

+4
(
C̄µνGρσ −

ρ

2
C̄µνCρσ −

σ

2
C̄µνγ5Cρσ

)
εµνρσ (49)

+4

(
β

2
C̄µνBρσ +

β

2
B̄µνCρσ +

α

2
C̄µνγ5Bρσ +

α

2
B̄µνγ5Cρσ

)
εµνρσ .
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Super-AdS-Maxwell gravity

The Lagrangian reduces therefore to the final form

16πL =

(
1

16
Mabcd F

ab
µν F

cd
ρσ −

1

4β`2
T aµν Tρσ a

)
εµνρσ

−
(
κ2

G
ψ̄µ γ

5γab e
a
ν e

b
ρ +

2κ2`

G
ψ̄µ γ

5γa e
a
ν Dωρψσ

)
εµνρσ

+
κ2`

2γG
ψ̄µγa ψν T

a
ρσ ε

µνρσ + total derivative , (50)

[ R. Durka, J. Kowalski-Glikman, M.Sz. ]
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Extended AdS-Maxwell theory
The algebra so(3, 2)⊕ so(3, 1)⊕ so(3, 2)⊕ so(3, 1) has a form:

[Pa,Pb] = −iη44Mab + ikZab = i(Mab + kZab) , (51)

[Mab,Mcd] = −i(ηacMbd + ηbdMac − ηadMbc − ηbcMad). (52)

[Mab,Zcd] = −i(ηacZbd + ηbdZac − ηadZbc − ηbcZad), (53)

[Zab,Zcd] = +ik(ηacZbd + ηbdZac − ηadZbc − ηbcZad), (54)

[Mab,Pc] = −i(ηacPb − ηbcPa), [Zab,Pc] = 0 . (55)

[Ra,Rb] = iZab , (56)

[Mab,Rc] = −i(ηacRb − ηbcRa) (57)

[Mab,Rc] = −i(ηacRb − ηbcRa), [Pa,Rc] = 0 . (58)

[ A.Borowiec, M.Sz. ]
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Extended AdS-Maxwell theory
The connection

Aµ =
1

2
ωµ

abMab +
1

`
eaµPa +

1

2
habµ Zab +

1

`
faµRa (59)

The curvatures has a form

F abµν = Rabµν +
1

`2
(eaµe

b
ν − eaνebµ) , (60)

T aµν = Dω
µe

a
ν −Dω

ν e
a
µ , (61)

Gabµν = Dω
µh

ab
ν −Dω

ν h
ab
µ −

1

`2
(eaµe

b
ν − eaνebµ)

+ (hacµ h
b

ν c − hacν h b
µ c )− 1

`2
(faµf

b
ν − faν f bµ) , (62)

Y a
µν = Dω

µf
a
ν −Dω

ν f
a
µ + habµ fνb − habν fµb. (63)

and the action is

S = S(AdS−Maxwell) + 2Ca ∧ Ya (64)

[ A. Borowiec, M.Sz. ]
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Extended AdS-Maxwell theory

The addtional e.o.m. says

dfa +$a
b ∧ f b = T̃ a = 0 . (65)

where $ = ω + h.

SE2 =
1

64πG

∫
εabcd

(
Hµν [$]abf cρf

d
σ −

Λ′

3
faµf

b
νf

c
ρf

d
σ

)
εµνρσ

(66)
[ A. Borowiec, M.Sz. ]
This is almost f − g model but without

Sint = M2(−g)u(−q)(1/2−u) V (g−1q) (67)

[ R. Durka, J. Kowalski-Glikman ]
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Thank you for your attention !

email: misza@ift.uni.wroc.pl
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