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Galilean conformal algebra

a class of non-semisimple Lie algebras

°
o finite dim version / infinite dim version

@ conformal algebra in nonrelativistic physical systems
°

two parameters (d, /)
d=1,2,---(dim of space), ¢=1/2,1,3/2,--- (spin)

fix (d,£) = one algebra is defined
eg £=1/2
@ finite dim version => Schrodinger algebra
@ infinite dim version = Schrodinger-Virasoro algebra

C. Roger, J. Unterberger, The Schrédinger-Virasoro Algebra: Mathematical structure and dynamical

Schrodinger symmetries, Springer, 2012
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Today's topic

Representation theory of d = 2(planar), £ =1 infinite dimensional algebra
@ highest weight module

@ coadjoint representation --- coadjoint orbit
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Today's topic

Representation theory of d = 2(planar), £ =1 infinite dimensional algebra
@ highest weight module

@ coadjoint representation --- coadjoint orbit

Why d =27

@ observations on d = 2 finite dim algebra
@ existence of exotic central extension (only for d = 2)
@ physical relevance
non-rel AdS/CFT  Martelli, Tachikawa 2010 ,
classical mechanics Lukierski, Stichel, Zakrzewski 2006 2007
Galilean electromagnetism Negro, del Olmo, Rodriguez-Marco 1997
@ representation theory --- technique similar to semisimple case
NA, Isaac 2011

@ Virasoro algebra C infinite dim algebra

= oo dim algebra may be of physical/mathematical interests
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~ Outline |
Outline

O finite dim planar Galilean conformal algebra

definition / central extension

© infinite dim planar Galilean conformal algebra

definition / central extension

© highest weight representations (Verma modules)
Verma modules / Kac determinant / irreducibility of VM

@ coadjoint representation
coadjoint reps of infinite dim algebra and group / example of

coadjoint orbit

© summary
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O finite dim planar Galilean conformal algebra
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o
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Finite dim planar Galilean conformal algebra definition

Finite dim algebra (d =2, {=1)

3 sets of generators : transformation in (24 1) dim spacetime (t,x1,x2)
O Galilei algebra (i =1,2)
0 .0 : J _ 9 0

H=—, Pj=
ot’ 0 aX,"

@ conformal transformation + dilatation

) ) PP

=22 tox2  D=—tZ _x2
ot i ot Nox
c( t Xj ) D

() = ( 1—at (1—at)? ) ' () = (at, ax)

© transformation to accelerated frame P} = (—t)?

aX,'
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Finite dim planar Galilean conformal algebra definition

Finite dim algebra (d =2, {=1)

3 sets of generators : transformation in (24 1) dim spacetime (t,x1,x2)
O Galilei algebra (i =1,2)
0 .0 : J _ 9 0

H=—, 6 P/ = ,
ot’ 0 ox;

@ conformal transformation + dilatation

0 0 0 0

2 7 L — oy
C=t 3% + 2tx; Ix’ D t&t Xj Ix
(t"x"%i(ljar‘(l—xiar)z ) (t:x) = (at, ax))

© transformation to accelerated frame P} = (—t)?

structure : s/(2,R)
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Finite dim planar Galilean conformal algebra definition

Finite dim algebra (d =2, {=1)

3 sets of generators : transformation in (24 1) dim spacetime (t,x1,x2)
O Galilei algebra (i =1,2)
0 .0 : J _ 9 0

H=—, Pj=
ot’ 0 aX,"

@ conformal transformation + dilatation

d d d d
— 2 P—_— = —ft—=— — X;—
C=tgi+omigo,  D=—tg—x

c [ t i \ D
() = ( 1—at’(1 —Xat')':' ) ' (t,) = (at, ax;)

© transformation to accelerated frame P} = (—t)?

structure : s/(2,R) @so(2)
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Finite dim planar Galilean conformal algebra definition

Finite dim algebra (d =2, {=1)

3 sets of generators : transformation in (2+ 1) dim spacetime (t,x1,x2)
O Galilei algebra (i =1,2)

J i_ 9 i .0 _ d 0
H—m, Po—a—Xi, Pl——ta—Xi, J—_X]__

@ conformal transformation + dilatation

0 0 0 0
_29 9 -+ _ .9
C=t at-|-2tx,aXi7 D tat X’ax,-
(t"x"%i(ljar‘(l—xiar)z ) (t:x) = (at, ax))

© transformation to accelerated frame P, = (—1t)°

structure : s/(2,R) @so(2) & Abelian ideal
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Finite dim algebra (d =2, {=1)

central extension
(P, Pi,P})i—12 Abelian = non-Abelian
[Pl PI]=lme’0, e?2=—¢e? =

]-7 Imn - Inm

only for d =2 stichel, Zakrzewski 2004, Lukierski, Stichel, Zakrzewski 2006 2007

(") addition of this dose not contradict with Jacobi identity
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Outline

o
© infinite dim planar Galilean conformal algebra
definition / central extension

o

o

o
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Infinite dim planar Galilean conformal algebra Infinite dim extension

Infinite dim extension

finite dim algebra (centerless) = easily extend to oo dim algebra
Martelli, Tachikawa 2010

extension of vector field representation

finite dim m=0,1,2

odim meZ

H =0,
D = —td; — xd,
C = t20; + 2tx;0x,
 Ph=(-"

J= —Xlax2 +X28X1

one may show that

L™= —t™H19, — (m+1)t"x;0;

® Ly, Jm, Pl satisfy closed commutation relations

@ those commutation relations satisfy the Jacobi identity

N. Aizawa (Osaka Prefecture Univ.)

Galilean conformal algebras

Belgrade, 14.09.2012
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e e e el
Infinite dimensional algebra

We thus have an o dim Lie algebra Martelli, Tachikawa 2010
Lm, JIm, Prln (m €L, i,j= 172)

[Lma Ln] =(m—n)Lmin, [Jm’Jn] = [Prinv P{,] =0,

[LmaJn] = _nJm+na [Lma Prlr] = (m - n)PrIn—i—m

[JmaPrir] = ZEUP{TH-n- €p=—-&1=1
J

({Lm) B (Jm) ) B (Pp)
( centerless Virasoro ® Abelian ) B Abelian ideal

(Jm), (PL) : adjoint representation of (L)
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Infinite dim planar Galilean conformal algebra central extension

Infinite dimensional algebra

central extension

Theorem (NA 2011)
The oo dim algebra has the following central extensions
O [Lm,Ly]=(m—n)Lmyn+ %m(m2 —1)6m+n0,

@ [Jm,Jn] =Bmbéminop, a, B : central charge

(") Jacobi identity
remarks
@ Virasoro central extension

o (J,) becomes non-Abelian, but (P! ) remains Abelian
@ exotic central extension for the finite dim algebra does not survive:

[PI’YHP{1] = Imngije
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Infinite dimensional algebra

We investigate representations of the following oo dim algebra g
Definition
a 2
[Lm, Ln] = (m = n)Lm+n + Em(m — 1)6m+n70,
[JmyJn] = BmOming, (PPl =0,  [LinyJn] = —nJmsn,

Ly Pil=(m )Py [mPil=Y &Pl .
J

v

mneZ,i,j=12 €,=—€1 =1, a,p : const

N. Aizawa (Osaka Prefecture Univ.) Galilean conformal algebras Belgrade, 14.09.2012 11 / 58



~ Outline |
Outline

o

o

© highest weight representations (Verma modules)

Verma modules / Kac determinant / irreducibility of VM
o

o
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Highest weight representations goal

Highest weight representation (Verma modules)

goal
show irreducibility of Verma modules by computing Kac determinant

Verma modules
@ idea similar to boson Fock space
o boson alg = creation op + annihilation op + diagonal

o 7|0) st. al0)y=0, H|0)=1]0)
o representation space ~ { (a")"[0), | n€Z, }
@ importance of Verma modules
Theorem (vague)

Any highest weight module over a semisimple Lie algebra is isomorphic to
a quotient of Verma module.

Dixmier, Enveloping algebras, North-Holland 1977
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Verma modules over the o dim algebra g

Triangular decomposition

(Lfnujfnupl ) @ <L0aJ07P(§> ©® <Ln7Jn7Pri1> c7
g o gt nEo
= [0% 0] Co*
Definition (highest weight vector |0))

gt|0)=0, Lol0)=h|0), Jo|0)=p|0), P§|O)=p;|0)

Definition (Verma modules)

Vi=U(g )®l0),  x=(hu,p1,p2,2p)

v

V% : specified by highest weights (h, i, p;) and central charges («, )

N. Aizawa (Osaka Prefecture Univ.) Galilean conformal algebras Belgrade, 14.09.2012
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Verma modules over the o dim algebra g

more precisely ... vectors in V%

Level (n) vectors #(vectors)
0 |0) 1
1 L 110y, J_1]0), P, |0) 4
2 L 5|0y, L2,]0), L_1J1]0),... 14
3 L_3]0), LoL_1]0), L_1J_1P*,|0),... 40

level = — (sum of indices)

@ vectors in V% are classified by level

o dim V¥ =

@ VX is arep space of g

N. Aizawa (Osaka Prefecture Univ.)

Galilean conformal algebras

Belgrade, 14.09.2012
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Irreducibility of Verma modules
Irreducibility of Verma modules
Question ;: VX is reducible ?

Theorem

VX js irreducible if Kac determinant at any level does not vanish. J

Kac, Raina, Highest weight representations of infinite dimensional Lie algebras, World Scientific, 1987

Kac determinant at level n
|vi),i=1,2,--- : basis of level n subspace of V%

Definition
Kac det at level n = det({vi|v;)) J

where the scalar product is defined by

(0jy=1,  (X]0),Y[0)) =(0](X)Y|0)
with anti-automorphism @ of g

w(Lm) = L—m; CO(Jm) = J—m; w(Pl’n) = Pi

—m
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Highest weight representations Irreducibility of Verma modules

Irreducibility of Verma modules

explicit form of Kac determinant  NA 2011
Proposition

Kac determinant at level n is given by

numerical const X (p12 + p22)%2n1.n2 ZAI.AZ S(AI)S(AZ)(W(A1)+W(A2))

@ s(A),w(A) quantities determined by a partition of integer A
@ independent of h,u, a,f

immediate consequence of Proposition
Theorem

VX is irreducible if p? + p3 #0 J
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Proof of the Kac determinant formula
Irreducibility of Verma modules

Proof of the Kac determinant formula (sketch)
@ introduction of an appropriate ordering of the vectors at level n

@ Kac det ~ det( matrix of row echelon form )

0
o Kac det ~ []det(red square block)
@ red square block ~ specified by partitions of integer a,b (n=a+ b)
@ det(red square block) ~ H(pf+p22)%5(A)5(B)(W(A)+W(B)) (induction)

for detail, NA arXiv:1112.0634 [math-ph]
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Remarks on irreducibility of V%

Theorem
VX is irreducible if p? + p3 #0 J

@ very different from Virasoro algebra
— irreducibility depends on the central charge

@ similar to Schrodinger-Virasoro algebra in (14 1)D spacetime
Roger, Unterberger 2006
@ intereting result or disappointing result 7
@ p2+p2=0 = most probably VZ is reducible
@ interesting possibility ? --- complex p; satisfying pZ2+ p3 =0,
eg.-p1=1p2=i
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~ Outline |
Outline

o

o

@ coadjoint representation
coadjoint reps of infinite dim algebra and group / example of

coadjoint orbit

o
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[GCEL MM EIEINIELIN  Why coajoint representation ?

Why coajoint representation ?

coadjoint representation of oo dim algebra g

i}

coadjoint representation of e dim group &
i}

coajoint orbit of & --- symplectic manifold

open a way to physical applications
@ Poisson bracket
— classical dynamical system
@ geometric quantization

Kirillov, Lectures on the orbit method, AMS 2004

work in progress...following the procedure of

C. Roger, J. Unterberger, The Schrédinger-Virasoro Algebra: Mathematical structure and dynamical

Schrodinger symmetries, Springer, 2012
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Coadjoint representation Coadjoint representation of {J

Coadjoint representation of c dim algebra g

Lie algebra = vector space
@ repof gon g --- adjoint rep

@ rep of g on g* (vector space dual to g) --- coadjoint rep of g

We thus have to find g* + difficult part

outline of finding g*  Roger, Unterberger 2012

centerless Virasoro algebra Vect(S?)
1-parameter family of representation .%, of Vect(S?)
introduction of dual space .7 to .7,

identification of g (centerless) with sum of %)
(centerless g)* ~ sum of 7

© 00060

central extension
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[CEL TN (" - vector space dual to §

g* : vector space dual to g

@ centerless Virasoro algebra Vect(S?)
& Lie algebra of C*-vector fields on S! (6 : coordinate on S')

Le:=f(0)dp € Vect(SY) = [Lr,Lg]=Leg—rrg
Fourier components = [Lp,L,] = (m—n)Lmyn
Q rep of Vect(S!) on ¢(0)do—*
Le(0(0)d0 ) :=(f¢' —Af'9)do~*,  —A: conformal weight

gives a 1-parameter family of rep of Vect(S!) : .7,

(") direct computation shows that

(LrLg —LgLe)(9(6)dO~ ) = Lig_pg(9(6)dO~)
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g* : vector space dual to g

© dual space of %)
Fy ~ F_)_1 by the pairing Z; x F; = C

(udO'** pdo—* ) = [51 u(0)9(6)d6

Q the oo dim algebra (centerless)
< Lie algebra of vector fields on S x R?

L =£(0)dg + ' (0)xidx,, Jr=7F(0)(x10x, —x20x,), P,’; =1(0)d,

= [Lr,Lg] = Ligr—rig, [Lf,PE’;,] = P,';g,_f,g, [Lf,Jg] = Jgg

[Jr. Pl = —Zk:s,-kP};,, [Jr. Jg] = [P}, Pi]=0

Fourier components = previously shown commutation relations
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[CEL TN (" - vector space dual to §

g* : vector space dual to g

© identification of the o dim algebra (centerless) as .%)

com. relation | rep F, of Vect(Sh)

[LriLgl = Lig—rg

[Lr, Pgl = Piy g | Lr(9(8)d0~" ) = (f¢' —Af'9)dO~*
[Lfv‘jg] = Jfg'

commutation relation --- adjoint action of L¢

one may make the identification
Lg~F1, Pi=Fi, Jg~F
by Fy ~.% 54

(centerless algebra)* ~ .7 ,®F ,®F ,D.F
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X,
g* : vector space dual to g
Q central extension

g~ centerless algebra PROR

therefore

duality pairing

%d0%+ 7.d0* +1d6% + 3dO+a+b € g*

Y L,
h P
=", x= P (*X)—i/ %f:d6 + act + bfs
I I R (/S . 0
a a,
b B
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Coadjoint representation of = dim algebra §
Coadjoint representation of c dim algebra g

Proposition
Define an action X(y) of g on g* by

(X(Y)5Y> ::_<Y7[X7Y]>a X,Yeg yeg

then X(7y) gives a representation of g.

Kirillov, Lectures on the orbit method, AMS 2004

X(7) : dual of the adjoint representation [X, Y]
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Coadjoint representation of = dim algebra §
Coadjoint representation of c dim algebra g

Proposition
Coadjoint representation of g is given by
% afy” + 2115 + Yo fo »Bh
N 2nfy +nfo - Yofs
L = J =
fU fyz 2Y2fa+7éfb ? f3(’Y) _Ylf-3
% wly + 1fo bf]
2nfl +nh 2pfy + 1h
1) — 0 2 (o _ 0
Pfl(’Y) - 0 ) sz(’},) - 0
—%h —hh
action on the center a, b is trivial (omitted)
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Coadjoint representation of = dim algebra §
Coadjoint representation of c dim algebra g

Proposition
Coadjoint representation of g is given by
% afg” + 21y + 1o B
N 2nfy +nfo - Yofs
L = J =
fU fyz 2fyzfol+fy£fb ? f3(’Y) _fylf3
% wly + 1fo bf]
2nfl +nh 2pfy + 1h
1) — 0 2 (o _ 0
Pfl(’Y) - 0 ) sz(’},) - 0
—%h —hh
action on the center a, b is trivial (omitted)

coadjoint representation of the Virasoro alg
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Coadjoint orbit of % dim group

Coadjoint orbit of oo dim group : an example

purpose

@ a simple example of coadjoint orbit by coadjoint rep of g
full classification of orbits requires coadjoint rep of the o dim group &

coadjoint orbit of &

@ action of & on g*

o fixed y € g*, )/i) Y = 7 gives a manifold (coadjoint orbit)

how to find a coadjoint orbit ?

@ find a subgroup H C & s.t. 7yis sable by
@ coadjoint orbit ~ &/
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Coadjoint orbit of oo dim group : an example
generators of )
@ by coadjoint rep of g,

@ find infinitesimal transformations s.t. ¥ € g* is stable
@ namely, find £;(0) (i=0,1,2,3) s.t.

(Lp+Js—Pp —PE)(7) =0
a simple case : 71,7 nonvanishing constant
a set of differential equations
afy" +2%fy + o+ 1 = 2(nf + 1%h),
2nfy + pf; =0,
2pfy —nf; =0,
Vfy + Vifo+ bfy = —pfi + b

N. Aizawa (Osaka Prefecture Univ.) Galilean conformal algebras Belgrade, 14.09.2012

30 / 58



Coadjoint orbit of oo dim group : an example
generators of )
@ by coadjoint rep of g,

@ find infinitesimal transformations s.t. ¥ € g* is stable
@ namely, find f;(0) (i =0,1,2,3) s.t.

(Lp+Js—Pp —PE)(7) =0
a simple case : 71,7 nonvanishing constant
a set of differential equations
afy" +2%fy + o+ 1 = 2(nf + 1%h),
27fy + s =0, — eliminate 5 — fo=const., f3=0
2pfy —nh =0, Yo = 2(nfi +1h)
Bfy + o+ b = —ph +nh %o = —ph+nh
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Coadjoint orbit of % dim group

Coadjoint orbit of oo dim group : an example

solution
fo =const., f3=0, f=>(0)fo+ const, k=1,2

®,(6) : functions of %(6), 13(0)
generator of

Lp=cons.dy, P =1(0)dy,, Jp=0
L L

translation on S? no restriction on f,(0)

o5~ U(1) x Bp(group generated by P}i)

coadjoint orbit (71,7 nonvanishing constant)

Vir/S* x SO(2)  Vir : Virasoro group
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il o
The o dim group &
L¢ : generate Virasoro group Vir (well-known)

subgroup generated by Jg, P}, P2,

® (&.1m,m2) ~ exp(Jg)exp(Py, +P7,)
@ multiplication

(é:nl:nZ)(pao-laoz) =
(E+p,01+MN1cOsp —Masinp, 0 4+ Nysinp + 1M cosp) exp(cB)

@ inverse

(&,m1,m2) 7t = (=&, —n1cos& — Masin, Nysin€ — a2 cos &)

whole group &

(¢a§a771,772) = (idaganlarh)((baoaoao)a ¢ € Vir
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Coadjoint representation of &
Coadjoint representation of &
definition
Xeg, v€EQ, ged
Proposition
Define an action g(y) of & on g* by
(g1, X) = (1.7 Xg)

then g(7) gives a representation of .

Kirillov, Lectures on the orbit method, AMS 2004
recall that

9

* is a representation space of Virasoro alg

g" ~ (Virasoro alg)* ® . #_,® .7 ,d.7_1®R

= action of Vir on g* is easily computed
Galilean conformal algebras Belgrade, 14.09.2012 33 / 58



[ R K LR e el Coadjoint representation of S

Coadjoint representation of &

Proposition
Coadjoint representation of Vir subgroup is given by

20(0)+ (160 0)(9')
| reo)e)? Y 2%
Y= (pos) ey o) =g 2<¢'>
(1300)0’

V.

coadjoint representation of Vir ©(¢) : Schwarzian derivative
() g"~(Virasoro alg)* ® Z_,& F_r,® F_1 OR

coadjoint rep of Vir --- well-known formula
coadjoint action of Vir on other .%_)

A
Vir: 650 = 0(t), 1(6)d6" = 1to(e) (e et) = (roo)(o')'r
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Coadjoint representation of ©
Coadjoint representation of &

Proposition

Coadjoint representation of (&,7M1,1M2) subgroup is given by

(&;m,m)(y) =
Y + Lher2 (Ve + 2%;) + (2 — o + )& + 2(€)3
Y cosé + Pasin &
—7sin€ + 9 cosé
%1B2 — V2B + 13+ bE’

(") direct computation according to the definition. e.g.
g=(5,m.m) = g 'Pig =P} cos&+P; sing,

(1), P}) = (g "Phe) = [ (mcos +asing)ud6
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Coadjoint rep of e dim group © EeIIYS

Outlook

on coadjoint representation of &
@ classification of orbits ... may be done

@ geometric quantization

on action of & on differential operators
@ Virasoro group --- Hill op: L, =92+ u(z), z€C, |z|=1
Lax form of KdV eq. : diL, = 3[P,,L,]

Vir: 20 0(2), Ly (0)PLo(@) ™2, 1= (u00)(0') + 50(9)
@ Schrodinger-Virasoro group in (1+1)D --- Schrodinger op
—2imd; — 2+ u(t,x) + —2imd; — 32+ u(t,x)

@ Galilean conformal group in (24+1)D ?
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Summary

We have studied mathematical aspects of c dim planar Galilean conformal
algebra by Martelli and Tachikawa.

© highest weight representation
pZ+p3#0 = Verma modules are irreducible

© coadjoint representations

@ derivation of coadjoint reps of the algebra g and the group ®
@ coadjoint orbit for a simple case

other oo dim extensions
A. Bagchi, R. Gopakumar, I. Mandal and A. Miwa, arXiv:0912.1090 [hep-th]
A. Hosseiny and S. Rouhani, arXiv:1001.1036 [hep-th]
M. Henkel, R. Schott, S. Stoimenov and J. Unterberger, arXiv:math-ph/0601028.
A. Bagchi, Gopakumar, JHEP 07 (2009) 037; arXiv:0902.1385 [hep-th]
M. Alishahiha, A. Davody and A. Vahedi, JHEP 08 (2009) 022; arXiv:0903.3953 [hep-th]
A. Hosseiny and S. Rouhani, J. Math. Phys. 51 (2010) 052307; arXiv:0909.1203 [hep-th]
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Additional slides

Additional slides
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Current algebra with central extension

i 2
=Lg_frp— — fg" —f"g)do
[LfaLg] Lfg f'g 4871'/0 (g g) )

B i 27 , ,
[Jfan]—E 0 (fg' —f'g)do,

[LfaPé'] = Prl;g’—f’ga [Lfan] = Jfg’7
[Jf,Pé.]:—Zg,'kPé., [P;-’Pé_]zo
k
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GCAin (d+1) D

Review of Galilean conformal algebras in (d+1)D
spacetime
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Spin "¢" Galilean conformal algebras nego et a. 1007

Infinitesimal transformations in (d+1) dim spacetime

telzy ij=1,..,d

time translation H = % t—>t+e€

[

rotation i = —x,-% +Xj% Xi = Xj +€Xj,  Xj = Xj—EX;
Y 1

Pr=(-t)"4%, n=0,...,2

1

o n=0 (translation)  x; = x;+¢€
e n=1 (Galilean boost)  x; — x; — €t

o n=2 (acceleration)  x; — x; + €t

[

dilatation D = —t 5 —bxizx  t— (L—&)t, x — (1—Le)x;

conformal transformation C = t2% +2€tx,-%
t— (14+et)t, x; = (L+20et)x;
Galilean conformal algebras Belgrade, 14.09.2012 41 / 58



Spin "¢" Galilean conformal algebras nego et a. 1007

Lie algebra structure

((D, H, C) @ (Jj)) (F")
i,j=1,-,d, n=0,.2(, (elZ,

(sl(2,R) @ so(n)) B Abelian ideal

e.g. 62% = Schrodinger algebra
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Spin "¢" Galilean conformal algebras nego et a. 1007

Lie algebra structure
({D,H, C) o (Jj)) 5 (P")
i,j=1,-,d, n=0,.2(, (elZ,
(sl(2,R) @ so(n)) B Abelian ideal

e.g. 62% = Schrodinger algebra

Infinite dimensional extension Martelli, Tachikawa 2010

L™= _—tmtlg, — l(m+1)t Zx, ;,

I = —t™(xi0; — x50, P.":_t"“a,-.

1
i7j:17'")d) mEZ«, neZ+l
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Spin "¢" Galilean conformal algebras nego et a. 1007

Lie algebra structure

((D, H, C) @ (Jj)) (F")
i,j=1,-,d, n=0,.2(, (elZ,

(sl(2,R) @ so(n)) B Abelian ideal

e.g. 62% = Schrodinger algebra

Infinite dimensional extension Martelli, Tachikawa 2010
((L™) (7)) B(P") i,j=l,-,d, meZ, neZ+l, (elz

( Virasoro B sj\(n) ) B Abelian ideal

e.g. éz% = Schrodinger-Virasoro algebra Henkel 1994

N. Aizawa (Osaka Prefecture Univ.) Galilean conformal algebras Belgrade, 14.09.2012
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[l NLNECERIREVIN Central extensions

Central extensions

Finite dim algebra Martelii, Tachikawa 2010

two types of extensions

@ any d and half-integral £
[P, PT=1""6;M
@ only d =2 and integral £ = exotic extension
[P,m,Pjn] = Imng,'j@, Ep=—-61=1

Infinite dim algebra

Not studied yet !
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d =2, (=1 Infinite dim algebra

d =2, £ =1 Infinite dimensional algebra

@ classification of central extension
@ boson realization

@ highest weight modules (Verma modules)
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Relations and structure

Ly Jm, P

m

(meZ,i,j=1,2) (slight change of notation)
[Lm, Ln] = (m—n)Lmtn, [Jm, Jn] = [Prina P{1] =0,
[Lmajn] - _nJm-I-m [Lma Prlr] - (m - n)Prin-i—m

[Jm,P,i,] = ZEUP{n+n' €10 = —8&1 = 1
J

({Lm) B (Jm) ) B (Pp)
( Virasoro ® Abelian ) B Abelian ideal
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Relations and structure

Ly Jm, P

m

(meZ,i,j=1,2) (slight change of notation)
[Lm, Ln] = (m—n)Lmtn, [Jm, Jn] = [Prina P{1] =0,
[Lmajn] - _nJm-I-m [Lma PrII] - (m - n)Prin-i—m

[Jm,P,i,] = ZEUP{n+n' €10 = —8&1 = 1
J

({Lm) B (Jm) ) B (Pp)
( Virasoro ® Abelian ) B Abelian ideal

Q : Does the algebra have exotic type central extension ? [P,",,,P{;] ~ Ejj
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Relations and structure

Ly Jm, P

m

(meZ,i,j=1,2) (slight change of notation)
[Lm, Ln] = (m—n)Lmtn, [Jm, Jn] = [Prina P{1] =0,
[Lmajn] - _nJm-I-m [Lma PrII] - (m - n)Prin-i—m

[Jm,P,i,] = ZEUP{n+n' €10 = —8&1 = 1
J

((Lm) B (Jm) ) B (Pp)
( Virasoro ® Abelian ) B Abelian ideal
Q : Does the algebra have exotic type central extension ? [P,",,,P{;] ~ Ejj

A:No!
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d =2, (=1 Infinite dim algebra ENELEEIRSLEHINLH

Central extensions

Theorem
All possible central extensions are listed as follows:
® [Lm,Ln] = (m—n)Lmin+ Zm(m? —1)8mino,

0 [Jm,Jn) = Bmbminp, o, B : const

(Proof) Adding central terms to each commutators

(Lo Lol = (m—m)Lapn+ 2oy Umidal =250, [Ph Pi1= Y,

[Lvan] = *nJm+n+ Cmn, [Lm7 P;;] = (m* n)P;.n+n+ Fm[m
s Pi = ¥ €5Phn+ Wty
J

check the Jacobi identity and whether the extensions are absorbed in redefinition of gen-
erators.
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d =2, (=1 Infinite dim algebra ENELEEIRSLEHINLH

Central extensions

Theorem

All possible central extensions are listed as follows:
® [Lm,Ln] = (m—n)Lmin+ Zm(m? —1)8mino,
0 [Jm,Jn] = BmOminp, o,p : const

(Proof) relations from the Jacobi identity

(k=m)Z{,  +(m=mzy), +(n—0)Z\, =0, &z, ,—nZ),, =0,
(m=K)Cmtcn=nCictnm+ nCotmic =0, Yatknt Yadnk =0,
(m—k)Y, m+kn —(m—n)Y, +nk*0 Ym+kn Yl+nk*0 i#],
(m—n)Fpihk— (nfk) For ik -+ (m—k)F iy =0,

mn+k_Z€U(n m+nk (m_k)anjH): Wmin+k_Wnim+k:0'

One may verify that Y,,J,,, =0and F},, WL are trivial
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Representations

Investigate the representations of the algebra with central extensions

(04
[Lims Ln] = (m = n) Ly + 5 m(m? — 1)8m-+-n,0,

12
[JmaJn] = ﬁm5m+n,0> [Prl;v P{,] =0, [LmaJn] = —nJmin,

[Lmaprlr] = (m_ n) rin-l—m [Jma 'Drlr] = Zgijpfn#»n'
J

v

mneZ,i,j=12 €,=—€1 =1, a,p : const
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d =2, (=1 Infinite dim algebra Boson realization

Boson realization

o
[LmsLn] = (m—=n)Lpsn+ Em(m2 —1)8m4n05
[Jm:Jn] = ﬁm6m+n,0a [PI’.THP{;] =0, [LmaJn] = —nJmyn,

[L"hP:’;] = (m_ n)PrinJrnv [JmaPrir] = ZS;J-PI,;_H_
J

mneZ,i,j=12 €,=—€1 =1, a,p : const

Q L,,Jn,sector (¢ =P =1) = boson realization of Virasoro alg.
) g
Wakimoto, Yamada 1983

1
[am;an] = MOmino, Lm= 3 Z Cakam—k:, JIm=am mneZ
ke
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d =2, (=1 Infinite dim algebra Boson realization

Boson realization

o
[LmsLn] = (m—=n)Lpsn+ Em(m2 —1)8m4n05
[Jm:Jn] = ﬁm6m+n,0a [PI’.THP{;] =0, [LmaJn] = —nJmyn,

[L"hP:’;] = (m_ n)PrinJrnv [JmaPrir] = ZS;J-PI,;_H_
J

v

mneZ,i,j=12 €,=—€1 =1, a,p : const

© three more independent bosons

[b,‘,[_)j] = 5,'71', [b,‘,bj] = [l_),',l_)j] =0, [C,(_.‘] =1. =12
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d =2, (=1 Infinite dim algebra Boson realization

Boson realization

o
[LmsLn] = (m—=n)Lpsn+ Em(m2 —1)8m4n05
[Jm:Jn] = ﬁm6m+n,0a [PI’.THP{;] =0, [LmaJn] = —nJmyn,

[L"hP:’;] = (m_ n)PrinJrnv [JmaPrir] = ZSUPI,;H_".
J

mneZ,i,j=12 €,=—€1 =1, a,p : const
© whole algebra ( ¢ = 3 =1) is realized by

) _
P e T
24 i

IJn=am— E"’Zs,-jl_),-bj, P,’n = —(_.‘m+1b,'.
ij
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d =2, (=1 Finite dim algebra

d =2, £ =1 Finite dimensional algebra
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d =2, (=1 Finite dim algebra Definition

Definition
Generators
D : dilatation C conformal
J : rotation P,p space trans.
P,-2 : acceleration i=1,2
Nonvanishing commutators
[D,H]=H, [D,C]=-C,

[H,P" =—nP™! [D,P"=(1-n)P"

[J, P] =¥, €ij6u P,

Exotic central extension

€p=—-&1=1

H : time translation
P} : Galilei boost
[C,H]=2D,

[C.Pfl1=(2-n)P*Y,

[PLP} =08y, [P.P]= 20,

N. Aizawa (Osaka Prefecture Univ.)
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d =2, (=1 Finite dim algebra Highest weight rep

Highest weight representation (Verma modules) na isaac 201

Change of basis
P.=P)+1P), Ki=P{+iP;, Fy=P{+iP;, J=iJ, ©=i0©
Triangular decomposition
¢°=(D, J,0), ¢"=(H, Py, Ky ), 97 =(C, Fi, K_),
[f°0"1ce™,  [oholce
Highest weight vector |d,r)
D|d,ry=d|d,ry, J|d,ry=rl|d,r), ©|d,ry=06]d,r), g"|d,r)=0.
Verma module V9"
Ver = U(g7)|d,r) ={ C"KKFLF™|d,r) }
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d =2, (=1 Finite dim algebra Highest weight rep

Highest weight representation (Verma modules)

Theorem

V9 s irreducible < V9" has no singular vectors

singular vector |s) --- another h.w. vector in V'

|s) #Cld,r), Dls)=d'|s),

Jls)=r'ls), ©ls)=0]s),
H|s) = Py|s) = Ky |s) =0.

Theorem

V9" has precisely one singular vector iff 2d +3 € Z.,

s) = (20C — K_F, )443 |d,r)
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PR WILTENTUREECIEN  Irreducibility of Verma modules

Irreducibility of Verma modules

2d+3€Z, = V9 reducible

Search singular vectors in V& = Var/ 7, J =U(g7)|s)
= no singular vectors in V"

Theorem

All irreducible H.W. modules over the finite dim GCA are listed as follows
o VI for2d+3¢ 7,
o V9 for2d+3€Z,

All modules are o dimensional.
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d =2, (=1 Finite dim algebra Invariant equations

Invariant equations

Definition
G : Lie group
T:(x1,x2, - ,xn) = (X1, X5, -+, x;,) transformation generated by G
partial diff eq .§q/(x1,x2,--- ,Xp) = 0 is G-invariant if

S\l[/(X]_,Xz,"',Xn):O = S(TW(X]JX%"'?XH)):O

Canonical method for semisimple G Kostant 1975, Dobrev 1988
@ vector field rep of g =Lie(G) on G
@ substitution into the singular vectors — invariant eq

g=exp(tC+xyFr+x_F_+kK_) €exp(g™) 4 dim manifold

d
T € vector field rep: Tf(g) = f(e_g Tg)

=7 o

Apply this for the non-semisimple GCA
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d =2, (=1 Finite dim algebra Invariant equations

Invariant equations

Vector filed representation

cz—a—§¢J Fo= 0o, K.=-d+d

-d, J=-r, 6=-6

o
I

Theorem

The hierarchy of equations below is invariant under GCA

(268t+ %, 9k _tax+ax) v(t,xe, k) =0

N. Aizawa (Osaka Prefecture Univ.) Galilean conformal algebras Belgrade, 14.09.2012
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CEPAEERWILTENTUWETECIEIN  Lowest member of hierarchy

Lowest member of hierarchy (24+3=1)

92 92
(2681» + I, Ik — t8x+8x> v(t,xy,k)=0

Separation of variables y(t,xu,k) = ¢(t,xs)f(k)

t 92 A
<8t — %78X+8X_ + %8X+> (P(t,xi) =0

df(k)
= = Af(k)

change of variable x; — x; — %t

a_ii (t,x2) =0
' 20 9x;0x_ ot xe) =

free Schrodinger equation with time-dependent mass
Galilean conformal algebras Belgrade, 14.09.2012 56 / 58



Nonvanishing commutators

LezZ+%, ij=1,...d

Finite dim algebra
[D,H] = H, [D,C]=-C, [C,H] =2D,
[H,Pf]=—nP!™" [D,P/]=(¢—n)P?, [C,Pf]l=(2(—n)P*,
[Jij, P{] = 8 P! — 8 PT,
[Jijs Jke] = S dje + Oje ik — OieJjc — SjwcJie- n=0,...,2¢

Infinite dim algebra

[Lm7 Ln] = (m - n)Lm+n, [Lma'jg] = _nJi7+ma
[, Je) = Sk I+ 80 I = 8 g ST — S I
(L™ PP] = (¢m—n)PI*", [, PRl = 61 P = &k P,

neZfor L", Ji and ne€ Z+{ for PP
Galilean conformal algebras Belgrade, 14.09.2012
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Vector field representation

Finite dim algebra

H= %, D= —t% — /x,-aiX’_, C= t2% +2/tx,-a%,
Jij= —x,-aixj +Xj8ix,’ P =( t)nBix,-’
infinite dim algebra
L™= —tmtlg, — l(m+1)t Zx, ;,
Ji' = —t"(xidj — x;9;), P,-" = —t"t9;.

Relation to finite dim algebra
L_]':—H7 LOZD7 L —C J _JU’
P,-_Z, P,-_“'l, .-+, P! (with multiplication of +1)
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