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ABSTRACT

We present noncommutative corrections in a de Sitter gauge theory of gravity
obtained using an analytical procedure with GRTensorll under Maple that we
conceived to be applied for different solutions. First, the gauge fields lead to the
components of field strength tensor and to other tensors and scalars of de Sitter
gauge theory of gravity over the commutative space-time. Following the Seiberg-
Witten map and using recursive formulas, the corrections are followed until second
order through the second part of analytical procedure. The noncommutative ana-
logue of the metric tensor is presented for the mapped solutions.

1. Introduction

The physics at very short distances, namely at Planck scale, requires dif-
ferent approach. At this scale the gravity is expected to be unified with
the other fundamental forces but the exact mechanism remains unknown.
Since in quantum field theory the classical dynamical variables become non-
commutative it is naturally to analyze noncommutative features of gravity
at this scale. The description of space-time as noncommutative space-time
modifies the structure of the gravitational field. We study how the non-
commutativity of space-time deform, through noncommutative parameters,
some solutions of a gauge theory of gravity. The study is realized with some
new analytical procedures conceived with GRTensorIl under Maple that we
designed for the specific quantities of the gauge theory of gravity. In the first
procedure, for a de Sitter gauge theory of gravity, we define the gauge fields
and we calculate the field strength tensors. This procedure is applied for
several solutions in the de Sitter gauge theory of gravity and, for a vanishing
torsion analogue, the specific quantities lead to the invariant action that
is equivalent to Einstein action. The second procedure, based on Seiberg-
Witten map, is that for the noncommutativity of the space-time, where
we define the noncommutativity parameter and through the *-product we
calculate, recursively, the leading deformation terms for gauge fields and
field strength tensors, following them until second order. We present the
analogous metric tensor for several solutions.
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We work with the model of gauge theory of gravitation that has the de-
Sitter (DS) group SO(4,1) (10 dimensional) [1] as local symmetry and as
base manifold, the commutative 4-dimensional Minkowski space-time, en-
dowed with spherical symmetry:

ds® = —dt® + dr® + r? (d92 + sin® 9dg02) . (1)

The 10 infinitesimal generators of DS group Map = —Mpa, A,B=0,1,2,3,5,
can be identified with translations P, = — M5 and Lorentz rotations M, =
—Mpg , a, b = 0,1,2,3. The 10 corresponding (non-deformed) gauge fields
(or potentials) are w;?B(a:) = —wa(a;). They are identified with the four
tetrad fields (the gauge field of translational generator), wi’(z) = ef(x),
and the six antisymmetric spin connection w;?B(x) = —wa(x). The field
strength tensor, associated with the gauge fields w;:‘B(a:), which takes its

values in the Lie algebra of the DS group (Lie algebra-valued tensor) is [2]:
FMAVB = B[Mwl’ﬁB + wﬁcwﬁBn(;D, (2)

with nap = diag(—1,1,1,1,1) and the brackets indicate antisymmetriza-
tion of indices. The field strength tensor can be separated in torsion and
curvature tensors:

b
Fj, = e + wi, e e, (3)
Fab_a ab+ ac, db 4)\20, b 4
= Oty + Wi w ) Ned + 4N e e, (4)
where \ is a real parameter. For A — 0 we obtain the ISO(3,1), i.e., the
commutative Poincaré gauge theory of gravitation. Defining g, = nabeZeg,

the scalar F = F“bé“éz, with eZé’é = 0y, and e = det(e},), the gauge

nrta
invariant action associated with the gauge fields is 5 = —16;(; [d*zeF.
Although the action appears to depend on the non-diagonal w;‘B it is a

function on g, only.

2. Gauge fields solutions in the commutative theory

For a point like source of mass m and constant electric charge Q@ we adopt
[2] the following gauge fields:

1
b= (4,000, ¢ =(0,5.00).
e; = (0,0,rC,0), €, =(0,0,0,rCsinb), (5)
wy = (—U(’I"),O, 070)7 W22 = W23 = (0,0,0,0), wlll? = (0,0,Y(’I"),O),

13 : 23
w,” = (0,0,0,H(r)sind), w,” = (5(r),0,0,—cosd), (6)
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where A, U, Y, H, S are functions of 3D radius r. If the components of

F},, vanish then the spin connection components, wzb, are determined by
tetrads e); and, with the supplementary condition C =1, we obtain:

Wit = (A4,0,0,0), w? = @ =(0,0,0,0), w,” = (0,0,-4,0),
wh? = (0,0,0,—Asing), w? = (0,0,0, - cosf)). (7)

The solution of field equations for gravitational gauge potentials ef () with
energy-momentum tensor for electromagnetic field [4] can be find as: A? =

1-— 277” — %7"2 — %2, with the A parameter identified with the cosmological
constant 4\% = —%.

In the case of equivalent Robertson-Walker metric, the particular ansatz
[3] for gauge fields

eh = (N(2),0,0,0), e} = (0,a(t)/V1=kr2,0,0),
2 _ 3 _ .
e, = (0,0,ra(t),0), e, =(0,0,0,7a(t)sind), (8)
01 _ 02 _
w, =(0,U(t,1),0,0), w,” = (0,0,V(t,7),0),
wp? = (0,0,0,W(t,r)sinf), w,*=(0,0,Y(t,r),0),
w}f’ =(0,0,0,H(r)sinb), w;ig = (0,0,0, —cos @), (9)

with the constant k and the functions U, V, W, Y, H of time t and 3D
radius 1, leads for Fjg, = 0 to

Wit = (0, =a(t)/V1 = k12,0,0) , wf? = (0,0,7a(t),0),
Wi = (0,0,0,ra(t) sin ), wi? = (0,0,VT—kr2,0),
wpt = (0,0,0,V/1 = kr?sin6) , w2 = (0,0,0,~ cos ). (10)

The spin connection components wl‘jb are, therefore, determined by the

tetrads e;. We imposed the supplementary condition N(t) = 1.

For a spinning source of mass m we adopt the four tetrad fields:

[A asinf [
0 _ J— _— 1 = —_
eluJ - ( Z b 0’ 0’ \/i ) b e‘uJ (07 A?O’ 0) b

A 2 2
ei - (0’0’ VY, ())7 ei = (a\/;sin2 6,0,0, r\;%aSiDQ) ) (11)
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with the common notation X(r,0) = r? + a®cos? 0, A(r) = r? + a® — 2mr,
where a = % is the angular momentum per unit mass. From the general
form of the six antisymmetric spin connection:

w01 (C(r,0),0,0,B(r,0)), = (Q(r,0),0,0, P(r,0)),
u - (07 U(T’, 0),V<7", 0)7 ) ( ( ) (T’, 0)7 )7 (12)
wig’: (E(r,0),0,0,H(r,0) sin@), u = (5(r,0),0,0,R(r,0)),

where B, C, U, V, E, H, P, Q, R, S, W and Y are functions of 3D radius r
and 6, we obtain in the case of Fj, = 0 the following:

,0,0, —asin® 6 552

01 _ ZA’+2r(a2 sin? 6—A
W = 952

EA’+2T(T2+a2 —A) )
)

(O 0,0, — ‘/;asmﬁcosﬂ) W = (0, arsin 6 acosg\/»,()),

“h SVA
w;ﬁ = (0, —tsinbend _p¥8 o), wl? = (0,0,0,—r¥Esing), (13)
r2+4a2)"—Aa? sin?
wi?’ = (acos 0T2+g;_A,O,O, —COSG< +a?)’ EZA 9> .

A is the first derivative of function A with respect to 3D radius r.

The non-null components of the strength tensor for a spinning source of
mass m are:

asin 6 13 asind

l=U, F’=—"+=2  F3= X, F# =2,
01 01 2\/E 01 2\/5 01
A A
F)) =asin0Z, Fd = \2FX, Fi3 = £Z, F23 = asin 0T,
0 in 0v/A by
Fos = sin f , Fi3 = = \fZ iy = Rl = —=X,
2 2 2\F 2VA
. (r? + a?)sin @
FY% =qsin?U, FR=~""’'"""7
2v/A
2 2\ o} 0
prp o TEa)SmO e 2y (14)
2VA
Asin? 6
EY) =sinf(r* +a* 2, F% = %X,
Asin? 0
Fl3 = %Z, F23 =sin0(r2 + a®)T,
where
¥ 2a2(X — 2r2sin? 0) — 2A(X — 2r2) — rA’S 82

3
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dr(r? +a? — A) - 2rL + A'S

Z =acosb 53 )
Y —4r2)(A — a%sin? ) — X2 + 2rA'S
poE-4r)A-a = JoERIAE e (15)
2 2 _ A2 a2
T— (r*+a* — A)(X — 4a® cos* 0) 2

3

3. Deformed gauge fields and noncommutative analogous
metric tensor

The noncommutative gauge theory is described in terms of gauge fields
(or potentials) cbﬁ‘B (x,©) and field strengths Flﬁ/B that depend on de-
formation parameter of noncommutative coordinate algebra. We work
with the canonical deformation of the Minkowski space-time based on
[x#, 2¥], = iO* with real constant deformation parameter O = —QVH,
In this space noncommutativity is realized with the (associative) Moyal *-
product, *x = 39" 0udy Using the Seiberg-Witten map one expand the
noncommutative gauge fields, that transform according to the noncommu-
tative algebra, in terms of commutative gauge fields, that transform accord-
ing to the commutative algebra. In powers of ©#", [5], (the (n) subscript
indicates the n-th order in ©"") the tetrad fields, the spin connections and
the field strength tensor are:

én(z,0) = e, () + ey, (@) + ey, (@) + ...

dj,‘jb(x, 0)= wzb(x) + w(l)zb(x) + w(Q)Zb(m) +... (16)
FuP(x,0) = FP () + Fyyn” (2) + Figy (@) + ..

The noncommutative field strength tensor (after the contraction to the
group ISO(3,1)) being:

Fﬁ,B = 8[#@5‘]3 + (Z)fzc * (Z)ﬁBnCD, (17)

for £, = 0 (the undeformed one) and with the usual brackets for the
anticommutator, the first order expressions for the gauge fields are:

a /L loa a (& a a &
eqyn = —ZG)p (wpb&,eu + (8Uw#b + FUZ)ep) Mbe (18)
a 7; a a
W = = 70" {wp Ootis + Fo}™ (19)
The first order of field strength tensors can be write [6]:
a __ a ab c ab c ab c
Faypt = ey + (woufres) +wileqs + Wit ¥y €6) mer  (20)

F abia ab ab ab ab 21
(i = it + o]+ [ win] + leplily - 21)
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In order to be applied for the particular tetrad fields, all formulas are im-
plemented in an analytical procedure conceived in GR Tensor II for Maple.
Instead to present the second order terms for the gauge fields and field
strength tensor as usually, they come in the particular form of analytical
procedure that contain suggestive notations.

>grdef (‘ev2{"a miu}:=(-I/8)*Tn{ rho"sigma}*(om1{"a"c rhol}*
ev{"d miu,sigma}+om{"a”c rho}*(evi{"d miu,sigma}

+Fla{"d sigma miu})+(I/2)*Tn{"lambda”taul}*

om{~a"c rho,lambda}*ev{"d miu,sigma,tau}+

(om1{"a"c miu,sigma}+Flab{"a"c sigma miu})*ev{"d rhol}+
(om{"a"c miu,sigma}+Fab{"a"c sigma miu})*evi{"d rho}+
(I/2)*Tn{"lambda"tau}*((om{"a"c miu,sigma,lambda}+
Fab{"a"c sigma miu,lambda})*ev{"d rho,tau}))*etal{c d}*);

>grdef (‘om2{"a"b miu}:=(-I/8)*Tn{ rho~sigmal}*

(om1{"a"c rho}x(om{"b~d miu,sigma}t+Fab{"d"b sigma miu})+
(om{"a"c miu,sigma}+Fab{"a"c sigma miu})*om1{"d"b rho}
+om{"a"c rho}*(om1{"d"b miu,sigma}+Flab{"d"b sigma miu})
+(om1i{"a"c miu,sigma}t+Flab{"a"c sigma miu})*om{"d"b rho}
+(I/2)*Tn{"lambda"taul}*(om{"a"c rho,lambdal}*

(om{"d"b miu,sigma,tau}+Fab{"d"b sigma miu,taul})
+(om{"a"c miu,sigma,lambda}+Fab{"a"c sigma miu,lambda}) *
omega{~d"b rho,tau}))*etal{c d}°);

>grdef (‘F2a{"a miu niu}:= ev2{"a niu,miulr-ev2{"a miu,niul+
(om{"a"c miu}*ev2{"d niul}-om{"a"c niult*ev2{"d miul}+

om{"a"c miu}*ev{"d niu}-om2{"a"c niul*ev{"d miul}+

om{"a"“c miu}*evi{"d niu}-omi{"a"c niulr*evi{"d miul}+
(I/2)*Tn{"rho"sigma}t*(om{"a"c miu,rho}*evi{"d niu,sigma}
-om{"a"c niu,rho}*evi{"d miu,sigma}+omi{"a”c miu,rhol}*
ev{"d niu,sigma}-omi{"a"c niu,rho}*ev{"d miu,sigmal})+
(-1/8)*Tn{"rho"sigma}*Tn{ lambda”tau}*

(om{"a"c miu,rho,lambda}*ev{"d niu,sigma,tau}

-om{"a"c niu,rho,lambda}*ev{"d miu,sigma,tau}))*etal{c d}‘);

>grdef (‘F2ab{"a"b miu niu}:=

om2{"a"b niu,miu}-om2{"a"b miu,niul+

(om{"a"c miu}*om2{"d"b niul}-om2{"a"c niulr*om{"d"b miu}t+
om2{"a"c miu}*om{"d"b niu}-om{"a"c niulxom2{"d"b miu}+
oml{"a"c miu}*oml{"d"b niul}-oml{"a"c niu}*omi1{"d"b miul}+
(I1/2)*Tn{"rho"sigma}t*(om{"a"c miu,rho}*om1{"d"b niu,sigma}
-oml{"a"c niu,rho}*om{"d"b miu,sigmal}+omi{"a”c miu,rho}x
om{"d"b niu,sigma}-om{"a”"c niu,rho}t*om1{"d"b miu,sigma})+
(-1/8) *Tn{"rho"sigma}*Tnc{ " lambda~taul}*

(om{"a"c miu,rho,lambda}*om{"d"b niu,sigma,tau}

-om{"a"c niu,rho,lambda}*om{"d"b miu,sigma,tau}))*

etal{c d}“);

The noncommutative analogue of the metric tensor is defined using the
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hermitian conjugate of tetrads: g,, = 2nab (e * e 4+ e * € ) The non-

commutative scalar analog to F is F= e“*F“b*eb, where é# is the xinverse
of éj,. The part of analytical procedure for these quantities can be read in
[10].

For a point like source of mass m and constant electric charge QQ with a r-60
noncommutativity we obtain

Goo = =A% — 47 (2047 + 247 4 5rAA" 4 AA" 4 7AA") ©2 + O(O1)
gn(x 0) = & + 14re? + o(e?) (22)
g22(2,0) =r? + 1= (A2 + 12r AA’ + 47“ (4A” +3A44")) ©2 + O(64)
933(2,0) = r?sin? 0 + - (cos® 6+
+4sin20(2rAA’ — 7"%/ +r2AA" + 21“2A’2)) 0%+ 0(e%).
For arbitrary ©#", the deformed metric is not diagonal even if the commu-

tative one has this property [7], [8].

Working with r-t noncommutativity for the Robertson Walker case we ob-
tain a noncommutative metric tensor identical with [9] and for r-6 noncom-
mutativity the noncommutative metric tensor is:

Joo = —1+ ©? 16(?0”1; 7 (3 — Tkr? — 4T2d2) + 0(64)

“ a?(a?(5—kr2(1+kr? Ak(1—kr?
911 er - @2 ( ( 153(;_’»7]67.)2))? ( )) + 0(64)

g = r2a2 + 0% (73”“1("12,;‘““ —26r2(a% + k) + OO (23)
J33 = T2a sin c9+@2 (5cos 0+

2.2 2. .
a?(20kr2+4r alfi):g‘l(‘“f —3kr’+1) s1n2 0) —+ 0(64)

N 2 . e

gor = @2%(3/{7’2 — 2) + 0(64)
If we treat the noncommutative analogue of the metric tensor as a standard
metric tensor we can examine the deformed space time for different scale
factor in this case of constant noncommutative parameter.

4. Conclusions

Noncommutative deformations of general relativity solutions through the
gauge theory formalism for gravity were the aim of the analytical procedure
construction. The analytical procedure with GRTensorIl under Maple con-
ceived, allows to analyze the influence of noncommutative parameter choice
on noncommutative analogue of the metric tensor and further to fit it to
find valuable interpretations of noncommutative corrections. Being based
on recursive formulas, the procedure can be extended. The corrections are
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followed until second order for tetrad fields, spin connections, field strength
tensor, scalar F and thus for the invariant action, but, in the paper are
presented only for noncommutative analogue of the metric tensor. The
corresponding deformed metric reveals the modified structure of gravita-
tional field: in the case of black holes and in the case of isotropic homoge-
neous Robertson-Walker space-time of the (commutative) gauge theory of
gravitation. When we treat it as standard metric tensor, for non-rotating
black-hole it can be observed that the spherical symmetry is brooked, while
for the Robertson-Walker the isotropy (with respect to one world line).

In this paper we focused on the technical specific details of noncommutative
corrections computation for the chosen cases without many details about
the noncommutative theory and about physical interpretations.

Acknowledgements

The author is sincerely grateful to organizers, especially to Prof. B. Drago-
vich, for the possibility to participate and to give a talk in the 7th Mathe-
matical Physics Meeting: Summer School and Conference on Modern Math-
ematical Physics, 9 - 19 September 2012, Belgrade, Serbia.

References

[1] A.H. Chamseddine, V. Mukhanov, J. High Energy Phys. 3 (2010) 033;
[2] G. Zet, V. Manta, S. Babeti (Pretorian), Int.J.Mod.Phys. C 14, 1, (2003) 41;

[3] G. Zet, C.D. Oprisan, S.Babeti (Pretorian), Int.J.Mod.Phys. C 15, 7, (2004)
1031;

[4] G. Zet, V. Manta, S. Oancea, I.Radinschi, B.Ciobanu, Math.Comput.Mod. 43
(2006) 458;

] A.H. Chamseddine, Phys. Lett. B 504 33 (2001);

| K.Ulker, B.Yapistan, Phys. Rev. D 77, 065006, (2008);

] M. Chaichian, A. Tureanu, G. Zet, Phys. Lett., B 660, (2008) 573;
[8] M. Chaichian, A. Tureanu, M. Setare, G. Zet, JHEP, 4, (2008) 064;
| S. Fabi, B. Harms, A. Stern, Phys. Rev. D 78, 065037, (2008);

| S. Babeti (Pretorian), Rom. J. Phys., 57, 5-6, (2012) 785.



